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We review generalized Fluctuation-Dissipation Relations which are valid under general conditions even in “non-
standard systems”, e.g. out of equilibrium and/or without a Hamiltonian structure. The response functions can be
expressed in terms of suitable correlation functions computed in the unperperturbed dynamics. In these relations, typ-
ically one has nontrivial contributions due to the form of the stationary probability distribution; such terms take into
account the interaction among the relevant degrees of freedom in the system. We illustrate the general formalism with
some examples in non-standard cases, including driven granular media, systems with a multiscale structure, active
matter and systems showing anomalous diffusion.
The Fluctuation-Dissipation Theorem is a central result in
equilibrium statistical mechanics. It allows one to express
the linear response of a system to an external perturbation
in terms of the spontaneous correlations, and its deriva-
tion is based on the detailed balance condition. In the last
decades a great effort has been devoted to generalize this
fundamental result to systems where detailed balance does
not hold, because of the presence of some forms of dissi-
pation, or energy and particle currents, that induce non-
equilibrium conditions. Among the huge variety of sys-
tems belonging to this class, let us mention active and bio-
logical matter, driven granular media, molecular motors,
and slow relaxing glasses. The derivation of a generalized
Fluctuation-Dissipation Relation, and the investigation of
its peculiar features in non-standard systems play there-
fore a central role in the building of a general theory of
statistical mechanics beyond equilibrium.
I. INTRODUCTION
One of the general results of the near-equilibrium statisti-
cal mechanics is the existence of a precise relation between
the spontaneous fluctuations of the system and the response
to external perturbations of physical observables. This result
allows for the possibility of studying the response to time-
dependent external fields, by analyzing time-dependent corre-
lations. The idea dates back to Einstein’s work on Brownian
motion1. Later, Onsager2,3 stated his regression hypothesis
according to which the relaxation of a macroscopic perturba-
tion follows the same laws governing the dynamics of fluctu-
ations in equilibrium systems.
The Fluctuation-Dissipation Relation (FDR) theory was
initially obtained for Hamiltonian systems near thermody-
namic equilibrium, but now it is known that a generalized
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FDR holds for a broader class of systems. Among these, the
FDR has been widely investigated in the context of turbulence
(and more generally statistical fluid mechanics): let us men-
tion for instance the seminal work by Kraichnann4,5, and his
attempt to obtain a closure theory from an assumption on the
FDR. In recent years, the FDR attracted the interest of the
scientific community active in the modelling of geophysical
systems, in particular for climate dynamics6–11. Moreover,
another wide field of research where FDR plays a central role
is the stochastic thermodynamics theory12, including models
for colloidal systems, granular and active matter.
Here we present a brief review of some recent results on
the theory of FDR, with specific focus on non-standard situa-
tions: systems with negative temperature, systems with many
degrees of freedom and a multiscale structure, or systems with
anomalous transport properties. We discuss in particular some
subtle, non-trivial aspects related to these peculiar cases. Our
work represents an update of the previous review13. The inter-
ested reader can find more exhaustive reviews of the general
subject in12,14–18. For a more rigorous discussion see also19.
The paper is organized as follows. In Section II we present
two generalized FDRs valid also in non-equilibrium systems
and discuss some subtle points. The first relation involves the
probability distribution function (PDF) of the stationary state,
while the second one includes a quantity which depends on the
transition rates of the model. In Section III we illustrate some
examples where FDR are applied in non-standard cases, such
as anomalous diffusion, systems with different time scales,
and some models of active matter. In Section IV we draw
some conclusions and mention perspectives for future work.
II. GENERALIZED FLUCTUATION-DISSIPATION
RELATION
The FDR theory was initially developed within the context
of equilibrium statistical mechanics of Hamiltonian systems.
This led to misleading claims on the (supposed) limited va-
lidity of the FDR20. Indeed, in the following we will see that
it is possible to derive a generalized FDR, which holds un-
2der rather general hypotheses, also in non-Hamiltonian sys-
tems21–23.
A. van Kampen’s objection to the FDR
Let us briefly discuss an objection by van Kampen24 to the
original (perturbative) derivation of the FDR. From a technical
point of view such a criticism can be rejected: however it had
the merit of stimulating a deeper understanding of the FDR
and its validity range.
In the dynamical systems terminology, van Kampen’s argu-
ment is the following. Given an impulsive perturbation δx(0)
on the state x of the system at time t = 0, the difference be-
tween the perturbed trajectory and the unperturbed one is
δxi(t) = ∑
j
∂xi(t)
∂x j(0)
δx j(0)+O(|δx(0)|2). (1)
Averaging over the initial conditions, one has the mean re-
sponse function:
Ri, j(t) =
〈
δxi(t)
δx j(0)
〉
=
∫
∂xi(t)
∂x j(0)
ρ(x(0))dx(0) . (2)
In the case of the equilibrium statistical mechanics, since
ρ(x) ∝ exp
(
−βH(x)
)
, after an integration by parts, one ob-
tains
Ri, j(t) = β
〈
xi(t)
∂H(x(0))
∂x j(0)
〉
. (3)
It is easy to realize that the above result is nothing but the
differential form of the usual FDR.
In the presence of chaos, however, the terms ∂xi(t)/∂x j(0)
grow exponentially as eλ t , where λ is the Lyapunov exponent.
Therefore the linear expansion (1) is not accurate for a time
larger than (1/λ ) ln(L/|δx(0)|), where L is the typical fluc-
tuation of the variable x. Thus, the linear response theory is
expected to be valid only for extremely small and nonphysical
perturbations (or times). For instance, according to this argu-
ment, requiring that the FDR holds up to 1s when applied to
the electrons in a typical conductor, would imply a perturbing
electric field smaller than 10−20V/m, in clear disagreement
with the experience.
The success of the linear theory for the computation of
transport coefficients (e.g. electric conductivity) in terms of
correlation functions of the unperturbed system, is evident,
and its validity has been, directly and indirectly, verified in a
huge number of cases. Kubo suggested that the origin of the
effectiveness of the FDR theory may reside in the “construc-
tive role of chaos”: “instability [of the trajectories] instead
favors the stability of distribution functions, working as the
cause of the mixing”25. The following derivation22 of a gen-
eralized FDR supports this intuition.
B. A Generalized FDR
One of the most intense research fields in non-equilibrium
statistical mechanics addressed the issue of the fluctuation-
dissipation theorem when the system under study is out of
equilibrium. This situation can be due both to the presence
of external forcing and continuous dissipation, so that a sta-
tionary state is reached, and to a very slow relaxation, leading
to a non-stationary transient dynamics. Standard examples of
systems falling in the first class are vibrated granular mate-
rials26 or active particles27, while to the second class there
belong, for instance, Ising spin models, or spin and structural
glasses14.
Many results have been derived in the last decades,
which extend the validity of the FDR to the non-equilibrium
realm12,15. Of course, these results do not share the same gen-
erality as the equilibrium FDR, and their explicit forms can
depend on the considered model. Nevertheless, these relations
can have important applications in different contexts. In gen-
eral, their relevance relies on the possibility to obtain informa-
tion on the non-equilibrium response of the system from the
study of unperturbed fluctuations, or vice-versa, depending on
the more suitable conditions in numerical or experimental set-
tings.
Let us start by presenting a derivation of a generalized FDR.
It is easy to understand, see below, that it is possible to derive
such a FDR also for finite perturbations, in non equilibrium
and non Hamiltonian systems, and therefore van Kampen’s
critique has a marginal role.
Consider a dynamical system x(0)→ x(t) = U tx(0) with
states x belonging to a N-dimensional space. We can con-
sider the case in which the time evolution is not determin-
istic (e.g., stochastic differential equations). Let us assume
the existence of an invariant probability distribution ρ(x),
for which some “absolutely continuity”-type conditions are
required (see later), and the mixing character of the sys-
tem (from which its ergodicity follows); no assumption is
made on the dimensionality N of the system. Our aim is
to study the behaviour of one component of x, say xi, when
the system, whose statistical features are described by ρ(x),
is subjected to an initial (non-random) perturbation such that
x(0)→ x(0)+∆x0.
An instantaneous kick modifies the density of the system
into ρ ′(x), related to the invariant distribution by ρ ′(x) =
ρ(x−∆x0). Let us introduce the probability of transition from
x0 = x(0) at time 0 to x at time t, w(x0,0→ x, t) (of course
in a deterministic system, with evolution law x(t) =U tx(0),
one has w(x0,0→ x, t) = δ (x−U tx0), where δ (·) is the Dirac
delta). We can write an expression for the mean value of the
variable xi, computed with the density of the perturbed sys-
tem: 〈
xi(t)
〉′
=
∫ ∫
xiρ
′(x0)w(x0,0→ x, t)dxdx0 . (4)
For the mean value of xi during the unperturbed evolution one
has: 〈
xi(t)
〉
=
∫ ∫
xiρ(x0)w(x0,0→ x, t)dxdx0 . (5)
3Therefore, defining δxi = 〈xi〉′−〈xi〉, we have:
δxi (t) =
∫ ∫
xi
ρ(x0−∆x0)−ρ(x0)
ρ(x0)
ρ(x0)w(x0,0→ x, t)dxdx0
=
〈
xi(t) F(x0,∆x0)
〉
, (6)
where
F(x0,∆x0) =
[
ρ(x0−∆x0)−ρ(x0)
ρ(x0)
]
. (7)
Note that the mixing property of the system is required to
guarantee the decay to zero of the time-correlation functions
and, thus, the switching off of the deviations from equilibrium.
In the case of an infinitesimal perturbation δx(0) =
(δx1(0) · · ·δxN(0)), if ρ(x) is non-vanishing and differen-
tiable, the function in (7) can be expanded to first order and
one obtains:
δxi (t) =−∑
j
〈
xi(t)
∂ lnρ(x)
∂x j
∣∣∣∣
t=0
〉
δx j(0)
≡∑
j
Ri, j(t)δx j(0), (8)
which gives the linear response
Ri, j(t) =−
〈
xi(t)
∂ lnρ(x)
∂x j
∣∣∣∣
t=0
〉
(9)
of the variable xi with respect to a perturbation of x j. It is
easy to repeat the computation for a generic observable A(x),
yielding
A(t) =−∑
j
〈A(x(t)) ∂ lnρ(x)
∂x j
∣∣∣∣
t=0
〉δx j(0) .
Let us note that the study of an “impulsive” perturbation
is not a limitation: e.g., in the linear regime from the (dif-
ferential) linear response one can understand the effect of a
generic perturbation. For instance, consider a system ruled by
the evolution law
dx
dt
= Q(x)
and apply an infinitesimal perturbation: Q(x) → Q(x) +
δQ(t) with δQ(t) = 0 for t < 0. Then one has
δxi(t) = ∑
j
∫ t
0
Ri j(t− t ′)δQ j(t ′)dt ′ .
C. Finite perturbations and relevance of chaos
We note that in the above derivation of the FDR relation
we never used any approximation on the evolution of δx(t).
Starting with the exact expression (6) for the response, only
a linearization on the initial time perturbed density is needed,
and this implies nothing but the smallness of the initial pertur-
bation.
It is easy to understand that it is possible to derive a FDR
also for finite perturbations. One has
δA(t) = 〈A(x(t))F(x(0),∆x(0))〉,
where the F(x(0),∆x(0)), Eq. (7), depends on the initial per-
turbation ∆x(0) and the invariant probability distribution23.
We stress again that, from the evolution of the trajectories dif-
ference, one can define the leading Lyapunov exponent λ by
considering the absolute values of δx(t): at small |δx(0)| and
large enough t one has〈
ln |δx(t)|
〉
≃ ln |δx(0)|+λ t . (10)
On the other hand, in the FDR one deals with averages of
quantities with sign, such as δx(t). This apparently marginal
difference is very important and allows for the possibility to
derive the FDR relation avoiding van Kampen’s objection.
However van Kampen’s remark can have a practical, but not
conceptual, relevance. For instance in the presence of chaos
the computational error on δx(t) increases as eαt/
√
M where
M is the number of perturbations and α ≃ 2λ ; such a be-
haviour can be easily verified, see e.g.22,23.
D. About the invariant measure
Since the generalized FDR (9) explicitly involves the invari-
ant measure ρ(x), it is useful to comment on some features
that immediately derive from the properties of ρ .
First, we note that in Hamiltonian systems, taking the
canonical ensemble as the equilibrium distribution, one has
lnρ = −βH(Q,P) + const. Recalling Eq. (9), if we denote
by xi the component qk of the position vector Q and by x j
the corresponding component pk of the momentum P, from
Hamilton’s equations (dqk/dt = ∂H/∂ pk) one immediately
has the differential form of the usual FDR25,28
δqk (t)
δ pk(0)
= β
〈
qk(t)
dqk(0)
dt
〉
=−β d
dt
〈
qk(t)qk(0)
〉
, (11)
where time-translational invariance has been used.
1. Systems with negative temperature
In the most common Hamiltonian systems one has
H = ∑
n
p2n
2m
+V(q1, ...,qN) .
However, there are cases where the “kinetic term” is not
parabolic and therefore the previous Hamiltonian is replaced
by the more general form
H = ∑
n
K(pn)+V(q1, ...,qN) .
4If {qn} and {pn} are bounded variables, for a suitable form
of K(p) one can have negative absolute temperature, i,e. for
some values of the energy E , ∂S(E)/∂E is negative, being
S(E) the microcanonical entropy18. Such systems are not
mere curiosity, being rather relevant for instance in hydrody-
namics and plasma physics29. In addition, recent experimen-
tal measurements showed the presence of a negative absolute
temperature in cold atoms systems30.
The generalized FDR derived in Sec. II B holds even for
systems with negative temperature. Since the, somehow, pe-
culiar features of such systems, the validity of the FDR can
appear to be not obvious. As an example, in Fig. 1 from31,
we show the comparison between the response function and
the (proper) correlation functions numerically obtained in a
model with long-range interactions
H =
N
∑
i=1
(1− cos pi)+N
(J
2
m2+
K
4
m4+ const.
)
, (12)
where m is the modulus of the vector
m =
( 1
N
N
∑
i=1
cosqi,
1
N
N
∑
i=1
sinqi
)
,
for a value of E corresponding to a negative temperature.
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FIG. 1. Check of the FDR by a direct computation of the mean re-
sponse and comparison with the theory in the model (12) for the vari-
able A= sin p j , for E/N = 1.9. Other parameters are J =−0.5, K =
−1.4, N = 250,M = 105 and δ pi(0) = 0.0131. Reproduced figure
with permission from F. Miceli, M. Baldovin, and A. Vulpiani. Phys.
Rev. E, 99:042152, 2019, Copyright (2019) by the American Physi-
cal Society.
2. Gaussian distribution
When the stationary state is described by a multivariate
Gaussian distribution,
lnρ(x) =−1
2
∑
i, j
αi jxix j+ const. (13)
with {αi j} a positive matrix, the elements of the linear re-
sponse matrix can be written in terms of the usual correlation
functions:
Ri, j(t) = ∑
k
α j,k
〈
xi(t)xk(0)
〉
. (14)
The above result is nothing but the Onsager regression origi-
nally obtained for linear Langevin equations.
It is interesting to note that there are important nonlinear
systems with a Gaussian invariant distribution, e.g. the invis-
cid hydrodynamics4,5, where the Liouville theorem holds, and
a quadratic invariant exists. Therefore one has a quite simple
relation between the responses and the correlations; in spite
of this fact, the dynamics is not linear and the behavior of the
correlation functions is not trivial at all.
3. Non Hamiltonian systems
When the form of ρ(x) is not known, as usually in non-
Hamiltonian systems, the relation (9) does not give detailed
quantitative information. However, it represents a connection
between the mean response function Ri, j and a suitable corre-
lation function, computed in the non perturbed systems:
〈
xi(t) f j(x(0))
〉
, with f j(x) =−∂ lnρ
∂x j
, (15)
where, in the general case, the function f j is unknown.
Let us stress that, in spite of the technical difficulty for the
determination of the function f j, which depends on the invari-
ant measure, a FDR always holds in mixing systems whose
invariant measure is “smooth enough”. In particular, we note
that the nature of the statistical steady state (either equilib-
rium, or non-equilibrium) has no role at all for the validity of
the FDR.
4. Marginal distribution
Let us stress that the knowledge of a marginal distribution
pi(xi) =
∫
ρ(x1,x2, ....)∏
j 6=i
dx j (16)
does not allow for the computation of the auto-response:
Ri,i(t) 6=−
〈
xi(t)
∂ ln pi(xi)
∂xi
∣∣∣∣
t=0
〉
, (17)
even in the case of Gaussian variables. As one can easily un-
derstand from Eq. (14), Ri,i(t) in general, even in the Gaus-
sian case, is not proportional to 〈xi(t)xi(0)〉. This observation
is very relevant for what follows. Consider for instance that
the description of our system has been restricted to a single
slow degree of freedom, such as the coordinate of a colloidal
particle following a Langevin equation. The above discus-
sion has indeed made clear that other fluctuating variables can
5be coupled to the one we are interested in, and therefore it
is not correct to project them out by the marginalization in
Eq. (16). Conversely, a stationary probability distribution with
new variables coupled to the colloidal particle position must
be taken into account. This point will be discussed in more
detail in Sec. II F.
5. Chaotic dissipative systems
At this point one could object that in a chaotic determinis-
tic dissipative system the above machinery cannot be applied,
because the invariant measure is not smooth at all. Typically
the invariant measure of a chaotic attractor has a multifrac-
tal structure and its Renyi dimensions dq are not constant. In
chaotic dissipative systems the invariant measure is singular.
However the previous derivation of the FDR relation is still
valid if one considers perturbations along the expanding di-
rections. Due to the singular nature of the invariant probabil-
ity distribution, a general response function has two contribu-
tions, parallel and perpendicular to the attractor, correspond-
ing respectively to the expanding (unstable) and the contract-
ing (stable) directions of the dynamics32. Each perturbation
can be written as the sum of two contributions
δF(t) = δF‖(t)+ δF⊥(t),
and the effect of such a perturbation on the response on an
observable A attains the form
δA(t) =
∫ t
0
R
(A)
‖ (t− t ′)δF‖(t ′)dt ′
+
∫ t
0
R
(A)
⊥ (t− t ′)δF⊥(t ′)dt ′ . (18)
It is easy to realise that only for the part R
(A)
‖ one can have a
FDR, i.e. it can be expressed in terms of a correlation function
computed in the unperturbed dynamics on the attractor. On
the contrary for the second contribution (from the contracting
directions), the response can be obtained only numerically33.
As a matter of fact, there are at least two good reasons
which allow us to hope that the singular structure of the invari-
ant measure, at practical level, can be not very relevant. First,
we note that in systems with many degrees of freedom, for a
non pathological observable the contribution of R
(A)
⊥ should
be negligible (we will consider again in the following this
point)34. In addition, a small amount of noise, that is always
present in a physical system, smooths the ρ(x) and the FDR
can be derived. We recall that this “beneficial” noise has the
important role of selecting the natural measure, and, in the nu-
merical experiments, it is provided by the round-off errors of
the computer. We stress that the assumption on the smooth-
ness of the invariant measure allows one to avoid subtle tech-
nical difficulties.
E. Other forms of non-equilibrium FDR
In Sec. II B we have derived a FDR which involves the in-
variant measure. Here we consider a somehow complemen-
tary approach, in the sense that one expresses the response
functions in terms of correlations with a quantity that in-
volves the transition rates of the model. The common features,
namely the appearance of extra-terms related to the coupling
with “hidden” variables, will be discussed in the next subsec-
tion.
We consider a system with dynamics described by a
Markov process with transition rates W (x′ → x) from state
x′ to state x, with normalization
∑
x
W (x′→ x) = 0. (19)
Assuming a perturbation in the form of a time-dependent ex-
ternal field h(s), which couples to the potential V (x) and
changes the energy of the system from H(x) to H(x) −
h(s)V (x), the linear response function of the observable A is
R(t,s) =
δ 〈A(t)〉h
δh(s)
∣∣∣∣
h=0
, (20)
where 〈. . .〉h denotes an average on the perturbed dynamics.
The perturbed transition rates W h(x|x′), to linear order in h,
take the form
W h(x′→ x) =W (x′→ x)×{
1− βh
2
[
V (x)−V(x′)]+M(x,x′)} ,(21)
where β is the inverse temperature (with kB = 1) andM(x,x
′)
is an arbitrary symmetric function. The diagonal elements are
obtained from the normalization condition (19). This struc-
ture derives from the local detailed balance principle35. Note,
however, that there is not a univocal prescription for the choice
of W h through the function M36,37. For a general discussion
of different symmetric factors in the transition rates, see for
instance38, or39,40 in the context of lattice gas models. For
simplicity, here we take M = 0. Then, the response function
can be written as
R(t,s) =
β
2
[
∂ 〈A(t)V (s)〉
∂ s
−〈A(t)B(s)〉
]
, (22)
where
B(s)≡ B[x(s)] = ∑
x′′
{V (x′′)−V [x(s)]}W [x(s)→ x′′] (23)
is an observable quantity, namely depends only on the state of
the system at a given time.
The two formulae, Eqs. (9) and (22), show that, in general,
non-equilibrium is not a limit, in the sense that the response
function can still be expressed in terms of unperturbed corre-
lators. Similar forms of FDR have been derived in12,41–46, and
also experimentally verified47,48. In particular, Eq. (22) ex-
tends to discrete systems the relation derived for overdamped
Langevin equation with continuous variables49. Let us also
mention the rigorous derivation of a similar FDR in the con-
text of exclusion processes reported in50 and the recent results
for the response to temperature perturbations51,52.
6A simple illustration of Eq. (22) is provided by the case of
the Langevin dynamics of a particle diffusing in a potential
U(x),
x˙(t) =−∂U(x)
∂x
+
√
2Tζ (t), (24)
with ζ (t) a white noise with zero mean and unit variance. The
response formula, with respect to a perturbing force F , reads
as:
δ 〈x(t)〉F
δF(s)
=
β
2
[
∂ 〈x(t)x(s)〉
∂ s
−〈x(t)B[x(s)]〉
]
, (25)
with B[x(s)] = −∂U/∂x|x(s). At equilibrium it can be eas-
ily proved that 〈x(t)B[x(s)]〉 = −∂ 〈x(t)x(s)〉/∂ s, recovering
the standard FDR formula. Differently, out of equilibrium the
contribution coming from the local field B[x(s)] must be ex-
plicitly taken into account.
Finally, we note that, in this theoretical approach, non-
linear FDRs can be derived, relating non-linear response func-
tions with high-order correlation functions53–55. These non-
linear responses find important applications in the context of
disordered and glassy systems56. An important point to stress
is that, for non-linear FDRs, even at equilibrium the model
dependent quantity B defined in Eq. (23) is involved. These
results point out the central role played by kinetic factors in
characterizing the non-equilibrium dynamics57.
F. Usually marginal PDF is not enough: the role of coupling
The main message from the previous section is that out of
equilibrium the response function can still be expressed in
terms of unperturbed correlators but these correlators involve
particular quantities that do not appear at equilibrium. These
quantities indeed characterize the non-equilibrium dynamics.
There is still a deep debate on the general physical mean-
ing of such terms: some ones have pointed out the role played
by different entropy productions44,58, some others have pin-
pointed the necessity to introduce new perspectives in order
to characterize non-equilibrium dynamics59.
What is clear is that the extra-terms unveil the presence of
relevant couplings that arise in non-equilibrium systems. In
particular, even if one is interested in the response of a specific
variable, the knowledge of its statistical properties, namely the
marginalized distribution function, is in general not enough.
Other degrees of freedom can be coupled to the observable
under study, making the prediction of its response more in-
volved.
An illustrative example is provided by the motion of an
intruder in a granular gas60–62. A granular fluid is made of
macroscopic particles subject to external forcing, and there-
fore is characterized by dissipative interactions (inelastic col-
lisions) and non-equilibrium dynamics. In order to describe
the velocity autocorrelation of the intruder and its linear re-
sponse, one can introduce a two-variable model (in one di-
40 50 60 70
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FIG. 2. Velocity correlation C(t) = 〈V (t)V (0)〉/〈V (0)V (0)〉 (black
circles), response function (red squares), and generalized FDR
Eq. (27) (green diamonds) computed in molecular dynamics numer-
ical simulations of a massive tracer in a granular gas with packing
fraction φ = 0.6, coefficient of restitution α = 0.6 and collision time
τc, see
60 for details.
mension, for simplicity)
MV˙ (t) =−Γ[V (t)−U(t)]+
√
2ΓTtrEv(t) (26a)
M′U˙(t) =−Γ′U(t)−ΓV(t)+
√
2Γ′TbEU(t), (26b)
where V is the velocity of the intruder with mass M, U de-
scribes a local velocity field (a local average of the velocities
of the particles surrounding the intruder) whose dynamics is
coupled with that of the tracer, Γ is a viscosity, Γ′ and M′ are
effective parameters to be determined. Ttr is the intruder ki-
netic temperature, while Tb is the value of the kinetic tempera-
ture of the granular fluid, playing the role of a non-equilibrium
bath. Ev and EU are delta-correlated noises with zero mean
and unitary variance. The dilute limit can be obtained with
Γ′ ∼M′ → ∞, which implies smallU .
Eqs. (26) represent a linear model for which analytical re-
sults can be obtained and can describe real systems for not
too high density. In particular, in the elastic limit (Ttr = Tb),
the coupling withU can still be important, but the equilibrium
FDR is recovered. Out of equilibrium, one can apply the for-
mula (9) to express the response in terms of correlation func-
tions. Since the system is linear, the stationary distribution is
a bivariate Gaussian, and from Eq. (9) directly follows
RVV (t) =
δV (t)
δV (0)
= σ−1VV 〈V (t)V (0)〉+σ−1UV 〈V (t)U(0)〉, (27)
where σ−1VV and σ
−1
UV are the elements of the inverse covariance
matrix and can be expressed in terms of the model parameters,
see63 for further details. In Fig. 2 we check the validity of
such an approach. The main message we want to stress here
is that a central role is played by the correlations between the
variable V and the local velocity field U . At variance with
equilibrium cases, in general the knowledge of the statistical
properties of V alone, e.g. the measure of its marginalized
PDF, is not enough to reconstruct the response to an external
perturbation.
7III. TOWARD REALISTIC SYSTEMS
In this Section we illustrate the use of FDRs introduced
above, in different non-equilibrium and non-standard sys-
tems, ranging from athermal and active matter to systems with
anomalous diffusion and multiple time-scale structure.
A. FDR and the effective temperature
One of the applications of the FDR in non-equilibrium sys-
tems deals with the interesting concept of effective temper-
ature64. Indeed, within the context of non-equilibrium phe-
nomena, the first attempts to formulate a general theory start
from extending concepts well defined in the consolidate equi-
librium theory. Here, for instance, one assumes that, after a
sufficient long time teq, an isolated and finite system reaches
an equilibrium state that can be characterized by a small num-
ber of parameters, the state variables, such as temperature and
pressure. Thus, an interesting question concerns the possi-
bility that also for non-equilibrium phenomena, a characteri-
zation in terms of a few variables is still feasible, at least in
some particular regimes.
The effective temperature can be introduced via the lin-
ear FDR, as the ratio between response function and corre-
lation function64. The study of the behavior of such a quan-
tity can be interesting in itself, but its real meaning as rel-
evant parameter characterizing some features of the system
strongly depends on the considered models. The shape of the
fluctuation-dissipation ratio can be useful to grasp information
on the presence of different relevant time scales in the system.
However, the observed different time scales are not necessar-
ily related to an underlying complex dynamics65. The general
issue of effective temperature has been the subject of recent
reviews16,18 and is an open line of intense research, with ap-
plications for instance in granular66–68 and active matter69–82
(see also Section IIID below). Here, we focus on a few exam-
ples in the context of athermal systems.
First, we mention some cases where the idea of effective
temperature has been successfully applied. It has been shown
that, in a model of a sheared, zero-temperature foam, different
definitions of temperature, that for equilibrium thermal sys-
tems would be equivalent, take on the same value and show
the same behavior as a function of the shear-rate83. This ob-
servation suggests that in this situation the concept of effec-
tive temperature is robust and its introduction can be useful
to build a statistical mechanics description out of equilibrium.
Similar conclusions followed for other athermal systems, such
as a sphere placed in an upward flow of gas84 and a two-
dimensional air-driven granular medium85.
In a different experimental setup the response and autocor-
relation functions of a blade suspended in a strongly vibrated
granular system were measured62. In this case, it has been
shown that only in the dilute regime an effective temperature
can be properly defined, being the response and autocorrela-
tion proportional to each other. At higher densities, on the
contrary, response and correlations show more complex be-
haviors, see Fig. 3, and the coupling with other degrees of
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FIG. 3. Response function R(t), velocity autocorrelation C(t) and
predicted response with a factorization approximation RG(t), mea-
sured for a blade suspended in a strongly vibrated granular gas62 for
three different packing fractions (0.05 (a), 0.1 (b), and 0.15 (c)), re-
produced with permission from A. Gnoli, A. Puglisi, A. Sarracino,
and A. Vulpiani. Plos One, 9:e93720, (2014). 2014 Creative Com-
mons Attribution (CC BY) license
freedom in the system starts to play a central role. In par-
ticular, inspired by the model described in Sec. II F, it was
suggested that the relevant coupling quantities can be defined
in terms of a local velocity field. Experimental measures con-
firmed such an explanation, even if a quantitative description
of the system correlations with the simple two-variable model
turned out to be not accurate.
8B. FDR and anomalous diffusion
Another non-standard class of systems where the FDR has
been investigated is represented by systems showing anoma-
lous transport properties. These systems are characterized by
a non-linear behavior of the mean square displacement86–91,
i.e.
〈x2(t)〉 ∼ t2ν with ν 6= 1/2. (28)
Formally this corresponds to have a diffusion coefficient D=
∞ if ν > 1/2 (superdiffusion) and D= 0 if ν < 1/2 (subdiffu-
sion). Note that in general the same model can show different
behaviors depending on the considered time scale. It is inter-
esting to wonder whether the FDR in the form of the Einstein
relation is still valid, namely whether the quantity 〈x2(t)〉 is
still proportional to δx(t) at any time:
〈x2(t)〉
δx(t)
=
2
βF
, (29)
where
δx(t) = 〈x(t)〉F −〈x(t)〉 ≃ µFt , (30)
with 〈. . .〉F denoting the average on the system perturbed by a
force F , and µ the mobility.
Quite remarkably, it has been shown that the Einstein rela-
tion is robust and holds even in models showing anomalous
behaviors. This has been explicitly proved in systems de-
scribed by a fractional-Fokker-Planck equation92–94. In ad-
dition there is clear analytical95 and numerical96 evidences
that (29) is valid for the elastic single file model, i.e. a one-
dimensional gas of elastic particles on a ring, which exhibits
subdiffusive behavior due to the confinement, 〈x2〉 ∼ √t97.
An important point to stress is that the validity of a FDR in
the standard Einstein form depends on the equilibrium prop-
erties of the systems, rather than on its anomalous dynamics.
Indeed, if non-equilibrium conditions are introduced in the
system, a generalized FDR has to be considered, including
the extra-terms previously discussed. This has been explicitly
shown, for instance, for a particle diffusing on a comb lat-
tice98,99, driven by an external force. In particular, denoting
by x∈ (−∞,∞) the position of the particle along the backbone
of the comb and by y ∈ [−L,L] the coordinate along a tooth,
transition rates from (x,y) to (x′,y′) are
W d [(x,0)→ (x± 1,0)] = 1/4± d
W d [(x,0)→ (x,±1)] = 1/4
W d [(x,y)→ (x,y± 1)] = 1/2 for y 6= 0,±L, (31)
where d is the drift in the x direction. Applying the gener-
alized FDR Eq. (22) for the response to a perturbation ε one
has98
δOd
h(ε)
=
〈O(t)〉d+ε −〈O(t)〉d
h(ε)
=
1
2
[〈O(t)x(t)〉d−〈O(t)x(0)〉d−〈O(t)A(t,0)〉d] , (32)
103 104 105 106 107
t
10
102
103
104
δxd(t)/h(ε)
<x(t)2>d- <x(t)>d
<x(t)A(t,0)>d
1/2[<x(t)2>d- <x(t)A(t,0)>d]
~t
1/2
~t
~t
1/2
d = 0.01  ε = 0.002
2
FIG. 4. Response function (black line) and second cumulant (black
dotted line) measured in the comb model98. The term including the
correlation with the quantity B (green dotted line) is necessary to
recover the response function (see blue dotted line), in agreement
with the FDR (22).
where O is a generic observable, and A(t,0) = ∑tt′=0B(t
′),
with B following from Eq. (23)
B[(x,y)] = ∑
(x′ ,y′)
(x′− x)W d [(x,y)→ (x′,y′)] = 2dδy,0. (33)
The sum on B has an intuitive meaning: it counts the time
spent by the particle on the backbone. In Fig. 4 it is shown the
validity of this approach.
Let us note that in these cases the FDR holds if the dis-
placement is compared to the linear response but it does not if
the self-correlation of the particles position is used, due to the
lack of a confining potential.
Another example is the inelastic single-file model96, where
one introduces dissipative interactions among the particles
diffusing on a ring. Again, due to the non-equilibrium condi-
tions, strong correlations among particles are present and the
factorization of the invariant measure fails. For small dissipa-
tion (namely, small inelasticity, small packing fraction and/or
fast thermostats) the Einstein relation is recovered, because of
the weak lack of factorization. In general, the FDR involves
extra-terms that take into account correlations with other de-
grees of freedom in the system.
Generalized FDR have also been applied in the case of su-
perdiffusion for instance in models of Lévy walks and Lévy
flights100–103 or generalized Langevin equations104,105, while
the linear response of a particle showing anomalous diffusion
in an aging medium has been studied in106,107. A very inter-
esting open problem is the validity of the Einstein relation in
systems of interacting particles on comb structures, where the
diffusion of a tracer can be studied with analytical approaches
and shows different non-trivial anomalous behaviors108. Fi-
nally, let us mention that for a tracer advected by a steady lam-
inar flow and subject to an external force, showing non-trivial
anomalous behaviors, such as negative differential and abso-
lute mobility, the validity of a generalized FDR43 has been
recently discussed in109.
9C. FDR and multiscale systems
Let us now discuss some aspects of the FDR in systems
with non-trivial temporal structures, for instance with many
degrees of freedom whose characteristic times are very differ-
ent. The relation (9) suggests that, in general, the choice of
the observable A(x), and the size of the perturbation ∆x(0),
can correspond to different relaxation behaviours of δA(t).
In systems with a unique characteristic time, e.g. the cel-
ebrated 3− d Lorenz system or 1d Langevin equation, one
expects that there are not significant differences at varying
the observable and the size of the perturbation, and numeri-
cal computations confirm the intuition. Less trivial is the case
of high dimensional systems with many different character-
istic times, where one observes a more interesting scenario.
At varying the observables one has different correlation func-
tions, whose relaxation times can be very different; in an anal-
ogous way different response functions can be characterized
by very different temporal behaviours.
The fact that finite perturbations can relax with characteris-
tic times which can depend very much on the size of the initial
perturbation, is rather relevant in geophysical context, e.g. in
the study of climate dynamics, where many degrees of free-
dom are involved with characteristic times which vary from
seconds (3D turbulence) to weeks (geostrophic turbulence)
and thousand years (oceanic currents and ice shields dynam-
ics). Numerical computations on simplified models, e.g. the
so called shell models, show the following scenario: the re-
laxation time of the finite perturbations increases with the size
at the initial time23.
As already discussed, the relations between response and
correlation are not trivial at all: this because there appears the
invariant probability density which is not known, a part very
few special cases (e.g. Hamiltonian systems, inviscid hydro-
dynamics and some Langevin equations). In dissipative sys-
tems, as mentioned before, we have an additional technical
difficulty due to the singular structure of ρ . Nevertheless, we
have the positive fact that the generalized FDR (9) indicates
the existence of a relation between the response and some cor-
relation whose precise functional shape is not known. It seems
natural to hope that the simple correlations, i.e. 〈xi(t)xi(0)〉 is
enough to catch at least the qualitative behaviour of the re-
sponse function Ri,i(t).
In order to illustrate this issue, let us briefly discuss a sys-
tem introduced by Lorenz as a simplified model for the atmo-
spheric circulation110:
dxk
dt
=−xk−1(xk−2− xk+1)−νxk+F+ c1
M
∑
j=1
yk, j
dyk, j
dt
=−cbyk, j+1(yk, j+2− yk, j−1)− cνyk, j+ c1xk
where the set {xk} with k = 1, ...,N and {yk, j} with j =
1, ...,M are the slow-large scale and the fast small-scale vari-
ables respectively; the above system is often called Lorenz-96
model. Roughly speaking, the {xn}’s represent the synoptic
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FIG. 5. Autocorrelation C j j(t) (full line) and self-response R j j(t) of
the fast variable yk, j for j = 3k = 3 for the Lorenz-96 model
110; the
parameters are F = 10, ν = 1, c = 10, c1 = 1, N = 36 and M = 10.
Reproduced with permission from G. Lacorata and A. Vulpiani.
Nonlinear Proc. in Geophys., 14:681, (2007). Copyright 2007 Euro-
pean Geosciences Union
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FIG. 6. Autocorrelation Ckk(t) (full line) and self-response Rkk(t) of
the slow variable xk for k = 3 for the Lorenz-96 model
110; the pa-
rameters are F = 10, ν = 1, c = 10, c1 = 1, N = 36 and M = 10.
Reproduced with permission from G. Lacorata and A. Vulpiani.
Fluctuation-response relation and modeling in systems with fast and
slow dynamics. Nonlinear Proc. in Geophys., 14:681, (2007). Copy-
right 2007 European Geosciences Union
scales, while the {yn}’s represent the convective scales. Of
course it is impossible to write down the invariant measure
ρ and therefore to find the proper correlation function for a
given response. Nevertheless, as shown in Figs. 5 and 6, it is
well evident how, even in the absence of a precise quantitative
agreement, one has a certain similarity between the autocorre-
lation and self-response function. The correlations of the slow
(fast) variables have a clear qualitative resemblance with the
response of the slow (fast) variables themselves. In particular,
the relaxation times of the response of fast (slow) variables are
of the same order of magnitude of the corresponding correla-
tion functions110.
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In some applications it is rather common to wonder about
the response of a global variable which depends on many vari-
ables: for instance in the study of climatic dynamics it is rather
natural to study the global temperature. The intuition suggests
that in the presence of many degrees of freedom, even for dis-
sipative systems, if we are interested in the response of some
global variable, one can hope to invoke the help of some sta-
tistical regularization. Numerical computations indicate that
such an intuition is correct.
Indeed, in some cases the above intuition is confirmed by
a rigorous analytical treatment, as described in a recent paper
by Wormell and Gottwald111. In this work it is studied the
macroscopic variable Q ruled by the discrete time map
Qt+1 = AQt(1−Qt),
with
A= A0+
A1
Mγ
M
∑
j=1
x
( j)
t ,
where the independent variables {x( j)} evolve according to a
deterministic law
x
( j)
t+1 = ga j(x
( j)
t ),
e.g. ga(x) = x
2 − (ax(1− x))2, the {a j} are sampled by
a smooth PDF and γ ≥ 1/2. The stationary joint PDF of
(Q,{x( j)}) does not depend in a continuous way on the {a j}
and therefore a FDR cannot hold for the variables {x( j)}. In
spite of this, one has that the marginal PDF of the macroscopic
variableQ varies in a continuous (and differentiable) way with
the {a j}: this allows to show a FDR for the variable Q.
D. FDR and active matter
In recent years, the field of active matter has drawn the at-
tention of physicist on the study of a new form of intrinsically
non-equilibrium systems, made by elementary constituents
that continuously convert energy into motion112. This class
of systems shows phenomena similar to those characteriz-
ing granular matter, such as clustering, segregation, non-
equilibrium phase transitions, flocking, collective motion and
so on, and many models have been proposed to describe such
a huge variey of behaviors. Recently, the generalized FDRs,
in different forms, have been applied to these models, see for
instance113–122. Here we mention two specific examples, in
order to illustrate some peculiarities of this context.
As a first example we consider the active Ornstein-
Uhlenbeckmodel, which describes the persistent motion char-
acterizing a single active particle, with the introduction of a
coloured noise123. The particle dynamics is modeled as
x˙=
f (x)
γ
+ a, f (x) =− d
dx
φ(x),
a˙=−a
τ
+
√
2D
τ
η , (34)
where x(t) is the position of the particle, τ is the persistence
time, γ the drag coefficient, φ(x) the potential acting on the
system, a(t) is the active bath, and η(t) a delta-correlated
white noise, with zero mean and unitary variance. The pa-
rameter D fixes the amplitude of the active bath fluctuations〈
a(t)a(t ′)
〉
=
D
τ
exp
[
− t− t
′
τ
]
. (35)
The response to an external perturbation of a one-dimensional
system of non-interacting particles described in this frame-
work has been recently studied in124. A direct application of
Eq. (9) is possible in this case because the stationary distri-
bution can be computed with some approximations. In par-
ticular, it has been shown that the non-equilibrium coupling
between particle velocity and position has to be taken into ac-
count, playing a central role when the particle persistence time
is large. Moreover, the analysis showed that although the ap-
proximation for the stationary distribution gives good results
for the static properties, the dynamical behavior can be well
described only in the limit of small persistence time. An FDR
for Langevin equations with memory has been derived in125
from a different approach.
A different approach is the active Brownian particle model
with energy depots126, derived from the Rayleigh-Helmholtz
treatment of sustained sound waves127. We consider the equa-
tion for the motion of a particle of mass m= 1, with position
x and velocity v, in an external potentialU(x)
x˙(t) = v(t)
v˙(t) =−F[v(t)]−U ′[x(t)]+η(t), (36)
where η(t) is a white noise, with zero mean and 〈η(t)η(t ′)〉=
2γTδ (t − t ′), γ and T being two parameters and U(x) is a
potential. The function F [v] is given by
F[v(t)] =−γ1v(t)+ γ2v3(t), (37)
with γ1 and γ2 positive constants. This means that motion of
the particle is accelerated at small v and is damped at high v,
taking into account the internal energy conversion of the ac-
tive particles coupled to other energy sources. The stochastic
equations (36) are out of equilibrium and a generalized FDR
similar to Eq. (22) can be applied128. In particular, the re-
sponse function R(t, t ′) of the velocity v(t) to a perturbation
h(t ′) applied at a previous time t ′ reads
R(t, t ′) =
δ 〈v(t)〉
δh(t ′)
∣∣∣∣
h=0
, (38)
and exploiting the relation valid for Gaussian noise49
R(t, t ′) =
1
2γT
〈v(t)η(t ′)〉, (39)
we get the FDR
R(t) =
1
2γT
{
〈v(t)F [v(0)]〉+ 〈F[v(t)]v(0)〉
+ 〈v(t)U ′[x(0)]〉+ 〈U ′[x(t)]v(0)〉
}
. (40)
In Fig. 7 we show the validity of the above formula, where,
again, the non-equilibrium coupling between velocity and po-
sition has to be taken into account.
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IV. CONCLUSIONS AND PERSPECTIVES
We have reviewed a series of results on FDRs for out-of-
equilibrium systems. The leitmotiv of our discussion is the
importance of correlations among different variables for non-
equilibrium response, much more relevant than in equilibrium
systems: indeed the generalized FDRs discussed in Section II
deviate from the equilibrium counterpart for the appearance
of additional contributions coming from correlated degrees
of freedom. This is the case, for instance, of the linear re-
sponse in the general two-variable Langevin model for a gran-
ular tracer: additional contributions to the equilibrium linear
response appear when the main field V is coupled to the aux-
iliary field U , which only appear out of equilibrium, see Sec-
tion II F, or in the diffusion model on a comb-lattice, where
– in the presence of a net drift – the linear response takes a
non-negligible additive contribution, see Section III B. Other
examples have been discussed in Section III D.
Remarkably, in some cases, one may explicitly verify that
the coupled field which contributes to the linear response in
non-equilibrium setups is also involved in the violation of de-
tailed balance: such a violation is measured by the fluctuating
entropy production, whose connection with non-equilibrium
couplings represents another interesting line of research12.
In conclusion, many results point in the same direction,
suggesting a general framework for linear-response in systems
with non-zero entropy production. Even in out-of-equilibrium
dynamics, a clear connection between response and correla-
tion in the unperturbed system exists. A further step is look-
ing for more accessible observables for the prediction of lin-
ear response: indeed, both the discussed formula, Eq. (9) and
Eq. (22), require the measurement of variables which, in gen-
eral, depend on full phase-space (microscopic) observables
and can be strictly model-dependent. Such a difficulty also
explains why, in a particular class of slowly relaxing systems
with several well separated time-scales, such as spin or struc-
tural glasses in the aging dynamics, i.e. after a sudden quench
below some dynamical transition temperature, approaches in-
volving “effective temperatures” have been used in a more sat-
isfactory way14. Other interpretations of the additional non-
equilibrium contributions to the FDR have been proposed re-
cently59, but the predictive power of this approach is not yet
fully investigated and represents an interesting line of ongoing
research.
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